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Abstract
We study the worldvolume supersymmetric gauge theory of M-
branes probing backgrounds corresponding to wrapped M5-branes. In
the case of M5-branes wrapping a 2-cycle in C2, we use M2-brane
probes to compute the BPS spectra of the corresponding N = 2 gauge
theory as well as M5-brane probes to calculate field theory parameters
such as the gauge coupling, theta angle and complex scalar moduli
space metric. This background describes a large class of Hanany-
Witten type models when dimensionally reduced to Type IIA 10d
string theory. We calculate the instanton action using a D0-brane
probe in this limit. For the case of M5-branes wrapping a 2-cycle
in C3, we firstly show an alternative method to derive this solution
involving the projection conditions and certain spinor bilinear differen-
tial equations. We also consider M5-brane probes of this background,
and analyse the corresponding N = 1 MQCD gauge theory parame-
ters. In general there were no supergravity corrections to field theory
parameters when compared to previous flat-space field theory analysis.
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1 Introduction
The main idea of this work is to verify that probing a certain supergravity
background can correctly reproduce features of the four-dimensionalN = 1, 2
supersymmetric gauge theory of which it is dual at the near-horizon limit. In
particular, we wish to see if there are any corrections to the usual flat-space
field theory analysis of N = 1, 2 supersymmetric gauge theories when we use
the supergravity solution of localised brane intersections [1, 2, 3, 4] for our
probe analysis. This approach works for a wide class of such theories. So
one can obtain information about field theory from a geometric approach, in
the spirit of the gauge theory - gravity correspondence.
Starting from the discovery of D-branes as stable extended objects in
string theory [5], much work has been done examining their properties. Var-
ious dualities uncovered the M-theory origin of these branes [6, 7, 8, 9], in
what was a great unifying leap forward. From the properties of these M-
branes, almost all of the known spectrum of D-branes in lower dimensions
had a nice geometrical origin. Soon, more elaborate constructions involving
D-branes began[10], making use of the worldvolume fields living on them
as sources for boundaries of other D-branes. In particular, supergravity so-
lutions of orthogonal intersections of branes were examined [11, 12], where
some of the branes were smeared over the others worldvolumes, as well as
branes intersecting at angles [13].
Another important breakthrough was the construction of the type IIB
Hanany-Witten brane models [14], which were later recast in Type IIA lan-
guage to deal with four-dimensional supersymmetric gauge theories [15].
These provided an excellent geometrical description of the important anal-
ysis that had been done earlier on the exact low-energy effective action of
N = 2 gauge theories [16].
Another significant advance was the discovery of the duality now known
as the gauge theory-gravity correspondence, or AdS/CFT as in the first
examples[17]. This was a concrete realisation of the older idea of the holo-
graphic principle [18]. Originally inspired by the properties of D3-branes,
it related Type IIB string theory on an Anti-de Sitter (AdS) spacetime to
a conformal field theory (CFT), in that case, N = 4 supersymmetric, large
N , SU(N) Yang-Mills theory in four dimensions. Many more examples were
subsequently put forward relating different backgrounds to different super-
symmetric Yang-Mills theories [19, 20]. In particular, many examples of
branes wrapped on numerous manifolds and their dual Yang-Mills descrip-
tion were analysed.
The outline of this paper is as follows. In Section 2, we quickly review
the N = 2 supergravity solution of localised brane intersections we shall be
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using for the analysis in the next sections. Section 3 begins with a quick sum-
mary of the M5-brane worldvolume action followed by a probe calculation
which yields the Ka¨hler metric for the kinetic term of the complex moduli
scalar fields. There is also a simple example of a parallel brane probe. Sec-
tion 4 contains a calculation to determine the BPS spectra of the N = 2
supersymmetric gauge theory. This is illustrated in two different ways: by a
conventional M2-brane probe calculation, and by using the projection con-
ditions and Killing spinors to calculate the central charge of the BPS probe
M2-brane. The two are shown to be equivalent. Section 5 contains the
calculation of the Yang-Mills coupling and theta angle of the N = 2 Super
Yang-Mills theory living on the D4-brane probe, once the M5-brane probe has
been dimensionally reduced. This section also includes an instanton action
calculation as a D0-brane probe of the 10d Type IIA background. Section 6
contains the analogous N = 1 calculations. We also include a derivation of
the previously known N = 1 supergravity solution [4] using a method involv-
ing the projection conditions, certain differential forms and their differential
equations built from the Killing spinor equation. Finally, the last section
summarises the results obtained and discusses their implications.
2 N = 2 supergravity solution of fully localised
M5-branes
2.1 Review
In this section we review the eleven-dimensional N = 2 supergravity solution
of fully localised M5-brane intersections [1, 2, 3]. Viewed from an M-theory
perspective, this corresponds to an M5-brane with worldvolume R(1,3) × Σ,
where Σ ⊂ C2 is a Riemann surface. This is a holomorphic embedding which
preserves N = 2 (in d = 4) supersymmetry. This configuration is related, in
the appropriate near-horizon limit, to N = 2 supersymmetric gauge theories
by the AdS/CFT correspondence [17].
From Seiberg and Witten’s work [16] we know that the exact low energy
effective action of a large class of N = 2 four-dimensional gauge theories can
be described by a family of Riemann surfaces Σ ⊂ C2. These Seiberg-Witten
curves encode information about the gauge theory such as the exact mass of
BPS states.
These Seiberg-Witten curves were later found to have a geometric descrip-
tion, found by Witten [15], in terms of a Hanany-Witten construction [14].
This provided a much more intuitive geometric interpretation of the field the-
ory results and has proved to be a useful method of describing large classes
2
of supersymmetric gauge theories.
The Hanany-Witten setup in 10d Type IIA involves D4-branes with world-
volume directions 01236 ending on NS5-branes extended in the 012345 di-
rections. All the branes are located at x8 = x9 = x10 = 0. The NS5-branes
are separated in the x6 direction and the D4-branes can be infinite in this
direction, finite by stretching between two NS5-branes or semi-infinite by
ending on only one of them from either side. We can then express four real
dimensions in terms of two complex coordinates v = x4+ix5 and s = x6+ix7,
where x7 is the eleventh dimension (a circle of radius R). In eleven dimen-
sions (as R > 0), the intersection between D4 and NS5-branes is smoothed
out and becomes an M5-brane wrapping a 2-cycle in C3, with embedding
R(1,3) × Σ. The Riemann surface Σ can be determined, up to moduli, using
the known asymptotic form.
This Riemann surface Σ is in fact the Seiberg-Witten curve for the gauge
theory. The Seiberg-Witten differential also has an M-theory derivation [21]
(see [22, 23] for a comprehensive review of these constructions). The BPS
states correspond to minimal M2-branes whose boundary is on the M5-brane.
The mass of the M2-brane gives the mass of the corresponding BPS-saturated
state.
2.2 Reconstructing the supergravity solution
One method of finding the supergravity solution of a particular brane con-
figuration consists of using the projection conditions for preservation of su-
persymmetry to constrain the metric and four-form field strength.
The integrability of the Killing spinor equation then allows one to relate
geometries that preserve some degree of supersymmetry to those that in
addition solve the equations of motion [24]. Typically, a supersymmetric
solution which in addition solves the Bianchi identity and equations of motion
for the background field strength will satisfy almost all the constraints from
the Einstein equations. For the case of a geometry admitting a null Killing
vector K = e+, for example, one just needs to impose E++ = 0 to obtain
a full supersymmetric solution [24], where Eµν = 0 refers to the Einstein
equations.
More recently, the whole program relating to G-structures [24, 25] has
been carried out in full. This is a group theoretic approach which has proven
useful in classifying supersymmetric solutions in various dimensions, depend-
ing on whether the minimal background Killing spinor gives either a time-like
or null Killing vector. We shall not go into the details of this approach here,
but we note that both supergravity solutions used in this paper can also be
derived from the G-structures approach [26]. Quite similar to these is the
3
new method we employ to derive the N = 1 supergravity solution [4] in the
first part of Section 6. For the moment we consider the original approach.
2.2.1 Solving the Killing spinor equations
In the original paper [1], after imposing the expected symmetries of the solu-
tion for the metric, namely R(1,3)×Σ×R(3), the supersymmetry projection
conditions were used to solve the Killing spinor equations
D˜Iǫ = 0, (1)
where
D˜Iǫ ≡ ∇Iǫ+ 1
288
[
Γ JKLMI − 8δJI ΓKLM
]
FJKLMǫ (2)
and F is the four-form field strength of 11d supergravity.
We use the notation in [27], with ΓM for the spacetime Dirac gamma-
matrices and Γˆm for the tangent-space gamma-matrices. These are related
by the vielbein emM such that
gMN = e
m
Me
n
Nηmn , ΓM = e
n
M Γˆm , {ΓM ,ΓN} = 2gMN ,
{
Γˆm, ΓˆN
}
= 2ηmn.
(3)
The number of supersymmetries preserved by a p-brane configuration is given
by the number of spinors ǫ which satisfy the equation
Γˆǫ = ǫ (4)
where we have the definitions Γˆ = ǫα1...αpΓM1...Mp∂α1X
M1 . . . ∂αpX
Mp and
ΓM1...Mp =
1
p!
Γ[M1...Mp]. The X
M is the embedding of the p-brane in the
background geometry and the αi denote the world-volume coordinates.
If we consider for definiteness our N = 2 example, we know that the
asymptotic form of the embedding (i.e. the Type IIA Hanany-Witten model)
should be two sets of orthogonally intersecting M5-branes with worldvolume
directions 012345 and 012367. This corresponds to the projection conditions
Γˆ012345ǫ = ǫ (5)
Γˆ012367ǫ = ǫ. (6)
There are, however, more projections compatible with these that do not
break any further supersymmetry, such as, for example,
Γˆ4567ǫ = Γˆ012389(10)ǫ = −ǫ. (7)
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If we now define complex co-ordinates
v = z1 = x4 + ix5 (8)
s = z2 = x6 + ix7, (9)
then we can concisely express the above relations as
Γˆ0123ab¯ǫ = iδab¯ǫ (10)
with δab¯ as the tangent-space metric with δ11¯ =
1
2
in our conventions. This
restriction on ǫ means that the solution will preserve 1
4
of the supersym-
metry (or equivalently, eight supercharges), which corresponds to N = 2
in four dimensions. We use conventions where ds2 = 2gMN¯dz
MdzN¯ =
δab¯e
a
M
(
ebN
)
dzMdzN¯ for complex Hermitian metrics.
Solving the Killing spinor equations with these projection conditions and
metric ansa¨tze R(1,3) × Σ ×R(3) then lead to the following metric and field
strength [1, 2]:
ds2 = H−1/3dx2(1,3) + 2H
−1/3gMN¯dz
MdzN¯ +H2/3dx2(3) (11)
FMN¯αβ = iǫαβγ∂γgMN¯
FM89(10) = −4i∂Mg
FN¯89(10) = 4i∂N¯g
g = (gvv¯gss¯ − gsv¯gvs¯) . (12)
We denote with Greek letters α, β, γ the totally transverse directions 8, 9, 10,
and capital letters M,N for the complex co-ordinates v, s.
The metric gMN¯ is constrained to be Ka¨hler, with (square root) deter-
minant g, and H = 4g from asymptotic conditions. This is similar to what
we would expect from the harmonic function rules [11] of orthogonally inter-
secting branes, but with extra off-diagonal components. These components
are what effectively describe the brane in the relative transverse directions.
The equation of motion for F with a magnetic source J is
dF = J = JMN¯dz
M ∧ dzN¯ ∧ dx8 ∧ dx9 ∧ dx10, (13)
where
JMN¯ = −4i (πlP )3 (∂Mf)
(
∂Nf
)
δ2(f)δ3(r) (14)
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since the M5-brane is wrapped on a Riemann surface Σ, defined by a holo-
morphic function f(v, s) = 0 at r = 0, where r denotes the radial coordinate
for the totally transverse space R(3). This results, in terms of the Ka¨hler
potential for gMN¯ , K, in the equation
8g(K) + ∂γ∂γK = −4 (πlP )3 |f |2 δ2(f)δ3(r) (15)
which is related to the Monge-Ampe`re equation.
2.2.2 Taking the near-horizon limit
Once the brane construction of a particular gauge theory is known, one can
try to describe the supergravity dual of the field theory. In the same spirit
as the AdS/CFT correspondence, we identify the field theory parameters
which should be kept fixed while taking a limit to decouple gravity and
string modes.
Since we are interested in describing the gravity dual, we only need to
solve these equations in the near-horizon limit. In this limit we keep the gauge
couplings and masses fixed while taking lP → 0. Looking at the example of
a Hanany-Witten type IIA setup examined in [1], we have, for example,
magnetically charged states represented by D2-branes stretched between the
D4-branes and NS5-branes. Classically, they would have a mass
m = |v|L
gs(α′)3/2
= |w|
g2YM
,
where |v| is the coordinate distance between two D4-branes, and L is the
distance between two NS5-branes. Thus in the limit where we keep w = v/α′
and the Yang-Mills coupling constant gYM fixed, while taking α
′ → 0, the
field theory states have finite mass.
Concretely, it was found that the relevant scalings of the supergravity
variables in M-theory units, by defining w, t and y as follows, are:
w = v
ls
2 =
vR
lP
3
t2 = r
gsls
3 =
r
lP
3
y = s
R
.
Our expectations from the AdS/CFT duality suggests, for a conformal
theory in a Hanany-Witten setup, a solution of the form of a warped product
of AdS5 with a compact six-dimensional manifold M6. Requiring that the
metric (11) can be written in this form places several constraints on the
components of the Ka¨hler metric gMN¯ which are not obviously related to the
equations of motion. However, they are compatible and a solution has been
found [3].
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2.2.3 More general N = 2 supersymmetric theories
Looking at the example of a conformal theory with two NS5-branes separated
by 1
g2YM
in the y-plane intersected (for gauge group SU(N)) by N infinite
D4-branes, the holomorphic function f(w, y) which describes this geometry,
lifted to 11d, is
f =
(
y − 1
2g2YM
)(
y +
1
2g2YM
)
wN .
This generalises for an arbitrary Riemann surface Σ (an arbitrary holo-
morphic function f(w, y)). In this case, the supergravity solution can be
determined from the Ka¨hler potential K which is given by [3]
K =
πN
2t2
ln


√
t4 + |F |4 + t2√
t4 + |F |4 − t2

 + 1
2
|G|2
F 2 = f 1/N , (16)
where in general N is defined as the degree of f as a polynomial in w. To
find explicit solutions we need to solve
(
∂yF
2
)
(∂wG)−
(
∂wF
2
)
(∂yG) = 1 (17)
to find G. Whether this is easy or not depends on f .
Geometrically, the variables (F 2, G) can be thought of as local co-ordinates
transverse and parallel to the M5-brane. The above equation is simply the
statement that the Jacobian of the holomorphic co-ordinate transformation
from (w, y) to (F 2, G) is equal to one. It is also the necessary condition for
the metric
gMN¯ ≡ 2
(
∂MF
2
) (
∂NF 2
)
g + 1/2 (∂MG)
(
∂NG
)
(18)
to have determinant g. The source equations (14), (15) reduce to the con-
dition that g is a harmonic function in the five-dimensional transverse space
with radial co-ordinate
r˜ ≡
√
t4 + |F |4
so that g = piN
8r˜3
.
These new co-ordinates appear to be naturally suited to describe this
M5-brane configuration.
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3 M5-brane probe
3.1 Preliminaries
In this section we will study the action of an M5-brane probe. Probing our
background, which is the supergravity dual of N = 2 gauge theories, we can
obtain information about various field theory phenomena. In particular, we
will calculate the metric of the complex scalars kinetic term in the effective
Lagrangian.
We will consider the worldvolume action of the probe in the supergravity
background manifold we have just described, which, up to warp factors, is of
the formR1,3×Q4×R3, where R1,3 is the four-dimensional Minkowski space-
time, Q4is a four-manifold of SU(2) holonomy, i.e. a hyper-Ka¨hler manifold,
and R3 is a three-dimensional Euclidean manifold. The M5-brane which
sources this background has worldvolume R1,3 × Σ, with Σ being a 2-cycle
embedded holomorphically in Q4 ⊂ C2 with complex coordinates F 2, G. It
is located at a point in R3, the totally transverse directions. Explicitly, the
metric reads
ds2 = H−1/3dx2(1,3) + 2H
−1/3gMN¯dz
MdzN¯ +H2/3dx2(3) (19)
where the metric of the hyper-Ka¨hler manifold is given by
gMN¯ ≡ 2
(
∂MF
2
) (
∂MF 2
)
g + 1/2 (∂MG)
(
∂NG
)
(20)
and g is given by g = piN
8r˜3
. The spacetime indices M,N = F 2, G run over the
hyper-Ka¨hler part of the metric.
3.2 The M5-brane worldvolume action
The dynamics of the M5-brane probe are determined by its worldvolume
action, the so called PST action [28] (see also [29]). In the PST formalism
the worldvolume fields are a self-dual three-form field strength H = dB2 and
an auxiliary scalar field a (the PST scalar). The action is the sum of three
terms:
S = τ5
∫
d6σ [LDBI + LHH˜ + LWZ ] (21)
where the tension of the M5-brane is denoted by τ5. In the action (21) the
worldvolume field strength H is combined with the pullback P [C(3)] of the
background three-form potential C(3) to form the field H:
8
H = H − e−φP [C(3)].
We can also define the field H˜ as follows:
H˜mn = 1
3!
√−detG
1√−(∂a)2 ǫ
mnlpqr∂laHpqr (22)
with G being the induced metric on the M5-brane worldvolume (see Ap-
pendix A for the conventions used throughout this paper).
The explicit expressions for the three terms in the action are:
LDBI = −
√
− det
(
Gmn + iH˜mn
)
(23)
LHH˜ =
1
24(∂a)2
ǫlmnpqrHpqrHmnsGst∂la∂ta (24)
LWZ = 1
6!
ǫlmnpqr
[
P [C(6)]lmnpqr + 10HlmnP [C(3)]pqr
]
. (25)
As discussed in [28], the scalar field a is an auxiliary field, which, by
fixing its gauge symmetry, can be eliminated from the action at the expense
of losing manifest covariance. We will not fix it for the time being.
3.3 Probe calculation of complex scalar kinetic terms
Our M5-brane probe will have a worldvolume of the form R(1,3) × Λ where
Λ is a two-dimensional surface in Q4 ⊂ C2 which is allowed to vary over
R(1,3). Also, we assign to it the worldvolume co-ordinates σm, z, z¯ whose
embeddings are holomorphic and of the form:
Xm = σm
XM = XM (z, σm, uα (σ
m))
XN¯ = XN¯
(
z¯, σm, uβ¯ (σ
m)
)
Xa = Xa
(
z, z¯, σm, uα (σ
m) , uβ¯ (σ
m)
)
.
For the purposes of this calculation we define m = 0 . . . 3, M,N = F 2, G
and Xa refers to the totally transverse directions a = 8, 9, 10 (the conventions
are similar to those in [30] where a related calculation was performed). Also,
z, z¯ are arbitrary co-ordinates on the Riemann surface Λ which has uα, uβ¯
as its complex moduli.
We consider only small deviations from a supersymmetric embedding of
the probe, so ∂X
M
∂σm
, ∂X
a
∂z
, ∂X
a
∂σm
, ∂X
a
∂uα
and ∂uα
∂σm
are small. This typically breaks
all the supersymmetries, but since these are only very small deviations from
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the supersymmetric configuration we can expand the M5-brane probe action
to quadratic order in these terms to find the metric on the moduli space.
As the five-brane action is invariant under world-volume diffeomorphisms,
we can always choose z and z¯ in such a way that the induced metric on the
Riemann surface is conformal, i.e. gzz = gz¯z¯ = 0. As this will simplify things
considerably, we will from now on assume this to be the case.
The first case we shall consider is a flat M5-brane probe with no world-
volume H field turned on and neglecting the WZ contribution of the action.
We will also ignore the z, z¯ dependence of the Xa. In this case the probe
action reduces to
S = −τ5
∫
d6σ
√
−det (G6),
with G6 the full 6d worldvolume metric. Explicitly, the action induced from
the background metric becomes:
S =
∫
d4σd2z2H−1gzz¯
√
−det (ηmn + Lmn) (26)
where
Lmn = 2
[
∂mX
M∂nX
N¯
(
gMN¯ − gMz¯
1
gzz¯
gzN¯
)
+ ∂muα∂nX
N¯
(
gαN¯ − gαz¯
1
gzz¯
gzN¯
)
+ ∂mX
M∂nuβ¯
(
gMβ¯ − gMz¯
1
gzz¯
gzβ¯
)
+ ∂muα∂nuβ¯
(
gαβ¯ − gαz¯
1
gzz¯
gzβ¯
)]
+ g
[
pαβ
∂uα
∂σm
∂uβ
∂σn
+ pαβ¯
∂uα
∂σm
∂uβ¯
∂σn
+ pβ¯α
∂uβ¯
∂σm
∂uα
∂σn
+ pα¯β¯
∂uα¯
∂σm
∂uβ¯
∂σn
+ pαb
∂uα
∂σm
∂Xb
∂σn
+ pβ¯b
∂uβ¯
∂σm
∂Xb
∂σn
+ paα
∂Xa
∂σm
∂uα
∂σn
+ paβ¯
∂Xa
∂σm
∂uβ¯
∂σn
+ δab
∂Xa
∂σm
∂Xb
∂σn
]
(27)
and we have defined gαβ¯ ≡ ∂XM∂uα gMN¯ ∂X
N¯
∂uβ¯
, gMβ¯ ≡ gMN¯ ∂XN¯∂uβ¯ , pαβ¯ ≡
∂Xa
∂uα
δab
∂Xb
∂uβ¯
and paβ¯ ≡ δab ∂Xb∂uβ¯ . In this notation, the spacetime metric gMN¯ is the same as
that of Equation (20).
The second bracket which is multiplied by g only contributes terms which
are at least cubic in small derivatives, so are typically higher order corrections
and we will not analyse them here. The very last term is an exception since
it remains quadratic but it nevertheless does not contribute to the effective
four-dimensional theory we are interested in.
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The reason is that, on the one hand, if the complex space Λ is non-
compact, it would pick up an infinite mass term from the volume integral
and could therefore be neglected in the four-dimensional field theory analysis.
Whereas if the space Λ is compact, we can in principle perform an expansion
in terms of Fourier modes, and the fact that the endpoints of our probe are
by definition constrained in the Xa directions forces the zero modes to be at
least linear in derivatives. These boundary conditions then imply that the
last term will be of higher than quadratic order in derivatives, and therefore
not contribute to our analysis.
Upon expansion of the action (26), the kinetic term for the scalarsXM , XN¯
and uα reads
Skin = τ5
∫
d4σd2z g−1gzz¯
1
2
Tr(L). (28)
Looking at the quadratic terms in the complex moduli only, we find
Skin = τ5
∫
d4σ ∂muα∂
muβ¯Kαβ¯, (29)
where Kαβ¯ is a Ka¨hler metric given by
Kαβ¯ =
∫
Λ
d2z g−1
(
gαβ¯gzz¯ − gαz¯gzβ¯
)
. (30)
This is Ka¨hler up to total derivative boundary terms of the form
∫
Λ
d2z
((
∂z¯F¯
2
) (
∂β¯G¯
)− (∂β¯F¯ 2) (∂z¯G¯)) ∂z [(∂αG) (∂γF 2)− (∂γG) (∂αF 2)]
and
∫
Λ
d2z
((
∂zF
2
)
(∂αG)−
(
∂αF
2
)
(∂zG)
)
∂z¯
[(
∂γ¯F¯
2
) (
∂β¯G¯
)− (∂β¯F¯ 2) (∂γ¯G¯)] ,
where we have ignored contributions coming from the g(
∑
x,ypxy) terms (the
totally transverse fluctuations of the brane), as explained above. In this
calculation we have also explicitly used the fact that the spacetime metric
gMN¯ is Ka¨hler.
These terms can be written as a total derivative straight away since they
are a product of holomorphic and anti-holomorphic factors. In particular, if
we define the one-forms
Φα =
[(
∂zF
2
)
(∂αG)−
(
∂αF
2
)
(∂zG)
]
dz, (31)
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then dΦα = 0 because of holomorphicity. So if we also define the scalars
Bαγ = (∂αG)
(
∂γF
2
)− (∂γG) (∂αF 2) , (32)
the boundary terms are of the form
∫
Λ
dBαγ ∧ Φ¯β¯ and
∫
Λ
dB¯β¯γ¯ ∧ Φα. (33)
Evaluating them at the boundary results in
∫
∂Λ
Bαγ Φ¯β¯ and
∫
∂Λ
B¯β¯γ¯ Φα. (34)
So we can impose that these terms vanish at the boundary. For a non-
compact probe, the asymptotic embedding is independent of the moduli, so
clearly these boundary terms vanish (since (∂αF
2) = (∂αG) = 0 asymptot-
ically), and hence the metric is Ka¨hler. However, while a finite D4-brane
probe in Type IIA can end on a background NS5-brane, this is only possible
for a supersymmetric probe as an approximation for small R > 0, so for such
a probe one should choose appropriate boundary conditions such that the
boundary terms vanish.
Additionally, there are the mixed terms ∂µuα∂
µXN¯ and ∂µX
M∂µuβ¯ as
well as the quadratic term of the complex scalars ∂µX
M∂µXN¯ . They all
have Ka¨hler metrics on their moduli space with boundary terms similar in
form to the ones we have just analysed, giving the expected result that the
moduli space of all the complex scalars is given by a Ka¨hler metric.
From the expression for the Ka¨hler metric (30) of the complex scalars
with respect to the complex moduli, one can then obtain the standard form
of the scalar kinetic terms of the N = 2 effective Lagrangian in the usual
ways (see for example [30]).
3.4 A simple example: the parallel brane probe
Another example is to probe the background with an M5-brane which is
parallel to the background M5-brane configuration. This does not imply it
is flat, but merely that it somehow reflects the shape of the background. We
shall let our probe have worldvolume 0123zz¯, where z = σ4 + iσ5. This time
we do not consider fluctuations in the complex moduli of the brane. We will
let the probe have a time dependence on Q4×R3. The embeddings are then
12
Xm = σm
XM = XM(z, σ0)
XN¯ = XN¯(z¯, σ0)
Xa = Xa(σ0).
The action for the kinetic scalar terms then becomes
Skin = τ5
∫
d4σd2zg−1gzz¯
(
g00¯ − g0z¯ 1
gzz¯
gz0¯ + g (∂0X
a)2
)
(35)
where g00¯ = ∂0X
MgMN¯∂0X
N¯ .
Now, for a probe which is parallel to the background we set z = G which
simplifies the above expression to
Skin = τ5
∫
d4σd2z
(∣∣∂0F 2∣∣2 + 1
2
(∂0X
a)2
)
. (36)
This means that the brane sees a flat metric on the transverse directions
which agrees with the expectation of a flat moduli space metric. Also, there
is a trivial volume form which seems to suggest that these co-ordinates are
a natural way to describe this configuration.
We shall return to more results from M5-brane probes shortly, but before
we do that, a quick foray into an M2-brane probing the BPS spectra of the
field theory.
4 M2-brane probe
4.1 Introductory remarks
The main result of this section is to calculate the mass of BPS states in
four-dimensional N = 2 supersymmetric gauge theories. We shall be using
an M2-brane as a probe of the supergravity background corresponding to
completely localised M5-brane configurations in M-theory (or equivalently
M5-branes wrapping 2-cycles in C2), which is the supergravity dual of a
large class of such gauge theories. States corresponding to BPS monopoles
are realized as two-branes ending on the five-branes. One example of this
are the membranes in a Hanany-Witten type setup. In particular we check
whether this method provides corrections to the previous flat-space four-
dimensional N = 2 supersymmetric field theory analysis [31, 32].
There are two ways in which this can be done. In the probe analysis, we
find a suitable complex structure in the hyper-Ka¨hler part of the background
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in which to embed the M2-brane holomorphically, and then proceed to cal-
culate the induced volume. We calculate the case of a static M2-brane and
check it receives no corrections from the supergravity description.
The other method is based on the approach of calibrations [33, 34, 35, 36].
This relates the BPS bound to the central charge of the 11d supergravity
supersymmetry algebra. We take into account the generalisation of these
calibration forms to include arbitrary background fields [37]. Again these
topological charges give no corrections to the previous flat-space field theory
calculations of the BPS monopole mass.
In the following, we shall establish the complex structure the M2-brane
probe should be embedded holomorphically with respect to, and proceed to
calculate its worldvolume. There follows a brief review of the concept of
generalised calibrations and a calculation of the calibration bound for the
M2-brane given the appropriate supersymmetric projection conditions. In
both cases, we find no corrections to the previous flat-space field theory
analysis.
4.2 M2-brane probe calculation
In this section, we will study the action of an M2 brane probe since it is
known that minimal area membranes which end on M5 branes are related to
the BPS states ofN = 2 gauge theories to which our supergravity background
is dual. Our background is sourced by the M-theory configuration described
in the last section, which has the topology R1,3×Q4×R3 up to warp factors,
where Q4 is a hyper-Ka¨hler manifold.
4.2.1 Preliminaries
Consider an M2-brane probe with worldvolume R×D, where D, the spatial
part of the M2-brane, is a two dimensional surface embedded in the manifold
Q4 given by our background. Apart from the warp factor, we know Q4 is
hyper-Ka¨hler because all two-complex dimensional Ka¨hler manifolds are au-
tomatically hyper-Ka¨hler. This means that instead of the usual one complex
structure, this geometry admits a family of inequivalent complex structures
parametrised by a two-sphere S2, with SU(2) commutation relations be-
tween them. Also, in four dimensions, the hyper-Ka¨hler condition implies
Ricci flatness and should therefore admit a covariantly constant holomorphic
two-form.
We denote by Σ the surface of the M5-brane which is embedded holo-
morphically in Q. Now, we wish to embed our M2 probe holomorphically
so that its spatial part has a boundary C = ∂D that lies on Σ, i.e. so the
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two-brane ends on the five-brane. To achieve this the M2-brane shall be
embedded holomorphically with respect to some complex structure J ′ which
is orthogonal to the complex structure J in which the M5-brane was embed-
ded holomorphically. Given a complex structure J , the set of such J ′ for a
hyper-Ka¨hler manifold is parametrised by an S1 that actually corresponds
to the phase of the central charge of the BPS saturated state [31].
To further and completely distinguish between the different possibilities,
we also require that the M2-brane probe satisfy the supersymmetry projec-
tion conditions.
4.2.2 Choosing the appropriate complex structure
For our particular background geometry, the five-brane is wrapped around
the holomorphic curve Σ and the Killing spinors satisfy [38]:
Γˆ0123Γˆab¯ǫ = iδab¯ǫ. (37)
with a, b running over 1, 2. These projection conditions preserve 8 real com-
ponents of ǫ and thus give N = 2 supersymmetry in four dimensions.
Introducing the two-brane which ends on the five-brane requires the ad-
ditional constraint [21]
1
2
ǫαβΓ0ΓIJ¯∂αW
I∂βW
J¯ǫ = ǫ (38)
where W I now denotes the embedding of the two-brane with respect to a
different complex structure.
Explicitly, if we rewrite the hyper-Ka¨hler part of the metric in terms of
the vielbeins
gMN¯dz
MdzN¯ = |dZ1|2 + |dZ2|2 = eaM
(
ebN
)
δab¯dz
MdzN¯ ,
the complex structure J , compatible with the M5-brane configuration, be-
comes
dZ1 = Re
(
e1Mdz
M
)
+ iIm
(
e1Mdz
M
)
dZ2 = Re
(
e2Mdz
M
)
+ iIm
(
e2Mdz
M
)
. (39)
We can now deduce the alternative complex structure J ′ that satisfies the
projection conditions and the orthogonality constraint. In terms of the dif-
ferentials, these are
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dW 1 = Re
(
e1Mdz
M
)
+ iRe
(
e2Mdz
M
)
dW 2 = Im
(
e1Mdz
M
)− iIm (e2MdzM) . (40)
The M2-brane probe shall be embedded holomorphically with respect
to the co-ordinates W 1,W 2 in the above basis. As we will see, we won’t
actually need to integrate the dW 1, dW 2 differentials, which simplifies the
task considerably. Additionally, one can also trivially include an arbitrary
phase which rotates the W 1,W 2 co-ordinates. We include this phase for
completeness in the analysis of Section 4.3.
We can rewrite the M2-brane projection condition (38) in terms of the
M5-brane holomorphic variables using Equation (40). In this language, the
projection condition is
(
Γˆ0ab + Γˆ0a¯b¯
)
ǫ = ǫ (41)
with again a, b = 1, 2. This additional constraint cuts the number of super-
symmetries by half (leaving four real supersymmetries), expressing the fact
that the M2-brane is a BPS state in the worldvolume theory of the M5-brane.
4.2.3 Probe calculation
We shall now consider our background spacetime R1,3×Q4×R3 with metric
ds2 = H−1/3dx2(1,3) + 2H
−1/3gMN¯dz
MdzN¯ +H2/3dx2(3), (42)
where
gMN¯ ≡ 2
(
∂MF
2
) (
∂NF 2
)
g + 1/2 (∂MG)
(
∂NG
)
(43)
and g is given by g = piN
8r˜3
.
We define the spacetime indices m = 0, . . . , 3 and M,N = F 2, G that run
over the Lorentzian part and the hyper-Ka¨hler part respectively.
The worldvolume co-ordinates of our M2-brane shall be (t, σ, σ¯), where
we have complexified the spatial part of the brane (with σ = σ1 + iσ2) for
future convenience. These will have holomorphic embeddings of the form
X0 = t
W I = W I(σ)
W J¯ = W J¯(σ¯). (44)
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This static probe will provide information about the mass of BPS states
of the dual gauge theory. The action of an M2-brane is given by
SM2 = −τ2
∫
d3σ
√
−det (Gij) +
∫
Ξ (45)
where τ2 is the tension, Gij is the pullback of the spacetime metric onto the
two-brane and Ξ is the pullback of the spacetime three-form potential. Note
that this last term vanishes for our particular embedding and so does not
contribute in the analysis.
In terms of real co-ordinates, we can define zM = xM + iyM and split
the complex vielbein into real and imaginary parts eaM = α
a
M + iβ
a
M . The
holomorphy condition on the worldvolume induced co-ordinates,
∂W 1
∂σ¯
=
∂W 2
∂σ¯
= 0
then gives a set of four constraints on the vielbeins. We can simplify these
equations by defining
Aai ≡ αaM∂ixM − βaM∂iyM
Bai ≡ βaM∂ixM + αaM∂iyM .
In terms of these new variables, our holomorphy constraints imply
A11 = A
2
2, A
1
2 = −A21, B11 = −B22 , B12 = B21 .
The induced metric can then be written
Gij = δab¯ [A
a
i + iB
a
i ]
[
Abj − iBbj
]
+ [i↔ j] .
We can simplify this further by defining new complex variables
Cai = A
a
i + iB
a
i
which transforms the constraints to
C11 = C
2
2 and C
1
2 = −C21 . (46)
More concretely, in terms of our complex vielbeins, we have
Cai = e
a
M
∂zM
∂σi
. (47)
Finally, the induced metric can be written in the form
Gij = δab¯e
a
Me
b¯
N¯
∂zM
∂σi
∂zN¯
∂σj
+ [i↔ j] = δab¯Cai
(
Cbj
)
+ [i↔ j] (48)
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which can be checked explicitly to be hermitian. In particular, one can
evaluate the components of the induced metric. Equation (48) reveals that
G12 = G21 = 0 and G11 = G22. The precise form of the non-trivial compo-
nents is
G11 = 2g|∂1F 2|2 + 1
2
|∂1G|2 (49)
with the notation ∂1 ≡ ∂∂σ1 .
In terms of complex vielbein components, the holomorphy conditions of
W i(σ) reduce to the following equations
Re
(
e1M
∂zM
∂σ1
)
= Re
(
e2M
∂zM
∂σ2
)
Re
(
e1M
∂zM
∂σ2
)
= −Re
(
e2M
∂zM
∂σ1
)
Im
(
e1M
∂zM
∂σ1
)
= −Im
(
e2M
∂zM
∂σ2
)
Im
(
e1M
∂zM
∂σ2
)
= Im
(
e2M
∂zM
∂σ1
)
. (50)
We can choose e1M = 2
√
g∂MF
2 and e2M = ∂MG which leads to the constraints
2
√
g
∂F 2
∂σ1
=
∂G¯
∂σ2
2
√
g
∂F 2
∂σ2
= − ∂G¯
∂σ1
(51)
which are identical to our earlier results. If we now include the warp factor
2H−1/3 we had been ignoring until now and look at the full determinant of
the induced metric on the M2-brane probe we conclude
∫ √
−det (Gµν) dt ∧ dσ1 ∧ dσ2 =
∫ √
−2H−2/3G00G11G22 dt ∧ dσ1 ∧ dσ2
=
∫ (
∂F 2
∂σ1
∂G
∂σ2
− ∂G
∂σ1
∂F 2
∂σ2
)
dt ∧ dσ1 ∧ dσ2
=
∫
dt ∧ dF 2 ∧ dG. (52)
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If we consider the spatial part of the probe, this induced worldvolume integral
times the tension of the brane results in a probe mass given by
Mass =
∣∣∣∣
∫
dF 2 ∧ dG
∣∣∣∣ . (53)
This gives a very natural frame in which to describe the M2-brane probe
dynamics. In some sense, we have chosen the appropriate co-ordinates so the
induced probe brane action has a trivial (in g) volume form. This is similar
to what happened in the previous M5-brane example of the complex scalar
kinetic terms (29).
4.2.4 Check from topological arguments
On a different note, one can check that the result is correct by calculating the
induced Ka¨hler form KD and holomorphic two form ΩD on the spatial part
of the M2-brane probe. We follow closely the methods of [31] (see also [32])
which analysed the case of M2-brane and M5-brane intersections in flat space,
without taking into account the full M5-brane background geometry.
Our previous results should agree with those deduced from a topological
perspective. To preserve the required amount of supersymmetry, we must
require the spatial volume element of the surface D to be minimised so that
it saturates a topological bound. Given our choice of complex structure J ′
on Q4, a useful identity is [31]
1
4
(
(∗KD)2 + |∗ΩD|2
)
= 1 (54)
where KD is the pullback of the Ka¨hler form K to D, and the ∗ denotes the
Hodge dual with respect to the induced metric on D.
The area AD of the spatial part of the two-brane fulfils the inequalities
2AD = 2
∫
D
VD =
∫
D
VD
√
(∗KD)2 + |∗ΩD|2 ≥
∫
D
|∗ΩD|VD ≥
∣∣∣∣
∫
D
ΩD
∣∣∣∣ (55)
where VD is the volume-form ofD. The first inequality is saturated if and only
if the pull-back KD of the Ka¨hler form vanishes, while the second condition
requires that the phase of the pullback ∗ΩD is constant over D. The surface
D is then a holomorphic embedding with respect to some complex structure
J ′ which is orthogonal to the complex structure J .
Explicitly, the pullback of the two-form ΩD is
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ΩD = 2H
−1/3P (eF ∧ eG)
= 21/3g1/6
(
∂F 2
∂σ1
∂G
∂σ2
− ∂G
∂σ1
∂F 2
∂σ2
)
dσ1 ∧ dσ2. (56)
The area of the spatial part D of the probe is given by
∫ √
det
(
GM2
D
)
dσ1 ∧ dσ2 =
∫ √
G11G22 dσ
1 ∧ dσ2 (57)
= 21/3
∫
g1/6
(
∂F 2
∂σ1
∂G
∂σ2
− ∂G
∂σ1
∂F 2
∂σ2
)
dσ1 ∧ dσ2
so we have
∫
ΩD ∧ Ω¯D = (VD)2 =
∫
det
(
GM2
D
)
. (58)
We can quickly check that the induced Ka¨hler form KD on the spatial part
of the M2-brane probe
KD = 2H
−1/3
(
2g dF 2 ∧ dF¯ 2 + 1/2 dG ∧ dG¯)
= 0 (59)
vanishes identically. This follows from the holomorphy constraints (51). It
provides a check on the equivalence of the holomorphic two-form and the
volume element of the probe as deduced from topological arguments.
Now, in order to compare Equations (57) and (53), we have to realise that
the energy-momentum is an invariant quantity. The area element of the probe
we have just calculated is not an invariant quantity since it doesn’t include the
time component. So we need to add a factor of
√−g00 = H−1/6 = 2−1/3g−1/6
to Equation (57). Doing this then gives the invariant mass term
Mass = 21/3
∫ √−g00g1/6
(
∂F 2
∂σ1
∂G
∂σ2
− ∂G
∂σ1
∂F 2
∂σ2
)
dσ1 ∧ dσ2
=
∣∣∣∣
∫
dF 2 ∧ dG
∣∣∣∣ (60)
which then agrees with Equation (53).
This also equivalent to the recent result in [39] which used a slightly differ-
ent method and notation. The M2-brane probe satisfies the same calibration
bound in both cases. The next section is a spinorial derivation of this bound
from the supersymmetry projection conditions.
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4.3 Spinorial derivation of the M2-brane BPS bound
4.3.1 General form of supersymmetry algebra for membranes
Recently, the understanding of the general structure of supersymmetric so-
lutions of supergravity theories has made great strides (see for example [37]
and references therein). This stems from careful analysis of the Killing spinor
equations:
D˜Mǫ = 0 (61)
where
D˜Mǫ ≡ ∇Mǫ+ 1
288
[
Γ NPQRM − 8δNMΓPQR
]
FNPQRǫ (62)
and F is the four-form field strength of 11d supergravity.
It has proven useful to repackage ǫ(x) in terms of the following one, two
and five forms:
KM = ǫ¯ΓMǫ
ωMN = ǫ¯ΓMNǫ
ΣMNPQR = ǫ¯ΓMNPQRǫ. (63)
Then ǫ(x) can be reconstructed (up to a sign) from knowledge of K,ω and Σ.
One can check that the zero, three and four-forms built this way and their
duals vanish identically.
Following the analysis of [37], we find that one can rewrite the super-
Poincare´ algebra of flat 11d supergravity coupled to a supermembrane probe
{Qα, Qβ} = (CΓM)αβPM ± 1
2
(CΓMN)αβZ
MN , (64)
where the central charge is defined to be
ZMN =
∫
dXM ∧ dXN (65)
(where the integration is taken over the spatial worldvolume of the mem-
brane) and Qα are the 32 component Majorana spinors charges, in the equiv-
alent way
2(ǫQ)2 = KMPM ± ωMNZMN . (66)
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Following [37], for a general curved background (without imposing any
restriction on KM ), we have:
2(ǫQ)2 =
∫
KMPM ±
∫
(ω + ıKA). (67)
In this expression, A is a three-from potential for the four-form field
strength F . The supersymmetry algebra (67) leads to a BPS type bound on
the energy momentum of the M2-brane, since (ǫQ)2 ≥ 0. We find
∫
KMPM ≥ ∓
∫
(ω + ıKA) (68)
where the term on the RHS is topological in nature.This is indeed the topolog-
ical bound we shall calculate for our M2-brane in our particular background.
4.3.2 Calculation of the BPS bound
For clarity we restate the supergravity background metric and four-form field
strength we shall use for the calculation of the topological objects constructed
in the last section. These are
ds2 = H−1/3dx2(1,3) + 2H
−1/3gMN¯dz
MdzN¯ +H2/3dx2(3) (69)
where
gMN¯ ≡ 2
(
∂MF
2
) (
∂NF 2
)
g + 1/2 (∂MG)
(
∂NG
)
(70)
with g = piN
8r˜3
and r˜ ≡
√
t4 + |F |4.
The four-form field strength is given by
FMN¯αβ = iǫαβγ∂γgMN¯
FM89(10) = −4i∂Mg
FN¯89(10) = 4i∂N¯g.
The hermitian metric gMN¯ can be decomposed into the tangent space zweibeins
e1M = 2
√
g
(
∂MF
2
)
e2N =
(
∂NG
)
(71)
and so
gMN¯ = e
a
M
(
ebN
)
δab¯. (72)
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Now, we saw in the previous subsection that we need to construct the
quantity ω = ǫ¯Γˆǫ. We shall need the projection conditions for our particular
supersymmetric configuration, which are
Γˆ0123ab¯ǫ = iδab¯ǫ (73)
for the M5-brane, and
(
eiφΓˆ0ab + e
−iφΓˆ0a¯b¯
)
ǫ = ǫ (74)
for the M2-brane, where in both cases Γˆ denotes the tangent space gamma
matrices. We have included an arbitrary phase for the M2-brane projec-
tion conditions, which generalises the φ = 0 case of Section 4.2.2. We note
that the linear combination of holomorphic and anti-holomorphic projection
conditions do indeed insure it is an hermitian projector with P2 = 1.
From the Killing spinor equation (62), we can also deduce that in fact
ǫ(x) = H−1/12ǫ0
(where ǫ0 is a constant spinor). To find all the contributions to the two-form ω
we use the ansa¨tze (63) and the aforementioned projection conditions (73,74).
So for example, ω has no contributions of the form ω0a since
ω0a = ǫ¯Γˆ0aǫ
= −iǫ¯Γˆ123aǫ
= 0
where we have used the fact that ǫ¯Γˆ123aǫ vanishes identically and also the
M5-brane projection conditions. Further, we note that it is possible to view
the matrices Γˆa and Γˆb¯ as creation and annihilation operators since we have
Γˆab¯Γˆaǫ = δab¯Γˆaǫ
Γˆab¯Γˆb¯ǫ = −δab¯Γˆb¯ǫ. (75)
Using these relations, we find that the only non-vanishing components of
the two-form ω give
ω = −H−1/6 (e−iφǫµνdzµ ∧ dzν + eiφǫµ¯ν¯dz¯µ ∧ dz¯ν) . (76)
Our normalization was chosen such that ǫ†ǫ = H−1/6. We should also note
that the tensors ǫµν include a factor of H
−1/3 coming in from the warp factor
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of the metric (42). Now rewriting the above in terms of w, y and F 2, G we
find
ω = −H−1/2 (e−iφe1[1e22]dz1 ∧ dz2 + eiφe¯1[1e¯22]dz¯1 ∧ dz¯2)
= 1/2
(
e−iφdw ∧ dy + eiφdw¯ ∧ dy¯) = 1/2 (e−iφdF 2 ∧ dG+ eiφdF¯ 2 ∧ dG¯)
(77)
using the factH = 4g in our conventions and also the condition (∂yF
2) (∂wG)−
(∂wF
2) (∂yG) = 1.
Finally, we also note that the inner product ıKA does not give any con-
tributions for our choice of background. This is because the Killing vector K
only has non-trivial components in the (0, 1, 2, 3) space, whereas the three-
form potential A only has components in the (4, 5, 6, 7, 8, 9, 10) space, so the
inner product vanishes.
Therefore, the BPS lower bound on the mass of the M2-brane in our
particular background is given by
∫
KMPM ≥ ∓
∫
ω (78)
in accordance with Equation (68). This also reproduces our earlier result of
Equation (53) if we note that under an appropriate worldvolume co-ordinate
definition, setting our phase φ = 0 and using Equation (51) we would have
1/2
(
dF 2 ∧ dG+ dF¯ 2 ∧ dG¯) = dF 2 ∧ dG.
We note that there are no supergravity corrections to the holomorphic
two-form which gives the mass of the BPS monopoles in the dual gauge
theory. All the Seiberg-Witten analysis then follows through unchanged.
5 The N = 2 Super Yang-Mills theory
We will now show how the supergravity solution (11), along with the known
form of the M5-brane worldvolume action (21), can be used to extract infor-
mation about the corresponding gauge theory. We will study the dynamics
of an M5-brane probe which wraps around the M-theory direction, and thus
reduces to a D4-brane upon dimensional reduction. We will also calculate
the Yang-Mills coupling and the theta angle for the N = 2 gauge theory
living on the D4-brane worldvolume. For a similar analysis in the Type IIB
picture see [40].
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5.1 Reduction process for the M5-brane worldvolume
action
The first step is to dimensionally reduce the M5-brane worldvolume action
along the M-theory direction to arrive at the D4-brane action. This is actu-
ally a two-step process, as a direct dimensional reduction yields the so-called
dual D4-brane action. So after performing the reduction, we then have to
dualise the resulting action to arrive at the usual string frame DBI action for
the D4-brane. We will use and follow the analysis of [41] for these steps, and
refer the reader there for further details.
It is important to note that we will be using a modified Kaluza-Klein
reduction ansa¨tze. Explicitly, the eleven dimensional metric can be expressed
in component form as
Gµˆνˆ =
(
e−2φ/3 (gµν + CµCν) υe
φ/3Cµ
υeφ/3Cν υ
2e4φ/3
)
(79)
where υ is the winding number, giving the number of times the M5-brane
wraps the compactified dimension and Cµ is the R-R one-form. For the
M5-brane worldvolume reduction we shall set υ = 1. We can rewrite the
M5-brane action in the form
SM5 = −τ5
∫
d6σ
[√
−G6
√
1 + zˆ1 + zˆ
2
1/2− zˆ2
+
1
24(∂a)2
ǫlˆmˆnˆpˆqˆrˆHˆpˆqˆrˆHˆmˆnˆsˆgsˆtˆ∂lˆa∂tˆa+ LWZ
]
(80)
where we have denoted the 6d (worldvolume) coordinates by σµˆ = (σµ, σ5)
with µ = 0, 1, 2, 3, 4 and G6 is the 6d determinant. The z variables are
defined to be
zˆ1 =
tr( ˆ˜H2)
2
=
Gµˆνˆ
ˆ˜HνˆρˆGρˆλˆ ˆ˜Hλˆµˆ
2
(81)
zˆ2 =
tr( ˆ˜H4)
4
=
Gˆ ˆ˜HGˆ ˆ˜HGˆ ˆ˜HGˆ ˆ˜H
4
. (82)
If we now fix the gauge so that the compactified direction is taken to be the
a = σ5 direction (and hence ∂µˆa = δ
5
µˆ), then we find that the quantity
(∂a)2 = Gµˆνˆ∂µˆa∂νˆa (83)
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reduces to G55, and both G55 and Gρ5 are components of the 6d inverse
metric Gµν . As direct calculation shows, these are given by G55 = (1 + C2)
and Gρ5 = −eφCρ.
Upon dimensional reduction, the second term in the M5-brane action (80)
above splits into two, in particular
LHH˜ −→ τ5
(
− ǫµνλστ
8(1 + C2)
eφCµH˜νλH˜στ + 1
24
ǫµνρλσ(5)HρλσHµν(5)
)
(84)
where now the second term above contributes to the original Wess-Zumino
term to form a new term WZ ′ (see [29] for more details). We have used the
explicit expressions for G55 and Gµ5 in the first term.
Fixing the gauge and dimensionally reducing the DBI term yields
LDBI −→ τ5e−φ
√
−G5
√
1 + e2φz1 + e4φ(z21/2− z2) (85)
where
z1 =
1
2
tr
(
H˜2
)
z2 =
1
4
tr
(
H˜4
)
and the dimensional reduction of the field ˆ˜H is given by the expression:
ˆ˜H → e 103 φH˜. (86)
We have used the fact that zˆ1 → e2φz1 and zˆ2 → e4φz2
We will now rescale the Φ and H fields to absorb the factor of the M5-
brane tension τ5 in front of the DBI and HH˜ term. This will then put
our action in the same form as that of [41], and their dualization procedure
follows trivially. The rescalings are of the form
eφ
′
= eφ−ln τ5 (87)
H˜′ = τ5H˜, (88)
so we see that the combinations e2φz1 and e
4φz2 appearing inside the square
root above are actually invariant under this rescaling.
So grouping together the various terms we can rewrite our compactified
M5-brane worldvolume action, which is actually the dual D4-brane action,
as
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S∗D4 = −
∫
d5σ
(
e−φ
′
√
−G5
√
1 + e2φ′z′1 + e
4φ′(z′21 /2− z′2) (89)
+
ǫµνλστ
8(1 + C2)
eφ
′
CµH˜′νλH˜′στ
)
+
∫
LWZ′ (90)
with the modified Wess-Zumino term given by
WZ ′ = e−φ
′
C(5) +
1
2
H˜′ ∧ C(3) + 1
4
H˜′µν∂(5)Bµν . (91)
It now follows from the analysis of [41] that the D4-brane action with a
constant dilaton background field is given by
SD4 = −
∫
d5σ e−φ
′
√
−det(Gµν + Fµν) (92)
−
∫
e−φ
′
(
C(5) + C(3) ∧ F + 1
2
C(1) ∧ F ∧ F
)
. (93)
The two are related by
−δSD4
δFµν
= H˜µν (94)
where we note that we have the 6d hodge duals H˜ = ∗H and the defi-
nitions Hˆ ≡ H − e−φC(3) and F = F − b(2). The method of [41] relies on
constructing Lorentz invariant quantities with a particularly simple choice
for the form of Fµν , which is then used to solve Eq. (94). Since the quantities
are Lorentz invariant, it is straightforward to pass from this special frame to
a more general frame.
5.2 Dimensional reduction of the background super-
gravity solution
Before we proceed any further, we also need to dimensionally reduce the
background supergravity solution (19) down to the ten-dimensional Type
IIA string frame metric. We recall that we are using a modified Kaluza-
Klein reduction ansa¨tze which, expressed as a line element, has the form
ds2(1,10) = e
−2φ/3ds2(1,9) + e
4φ/3
(
dx7 + e−φCµdx
µ
)2
(95)
Fˆ(4) = F(4) + T(3) ∧ dx7 (96)
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where Fˆ(4) = dC(3) is the field strength for the background three-form poten-
tial C(3), with F(4) and T(3) = dI(2) being the RR four-form and the NSNS
three-form field strengths of the ten dimensional Type IIA theory. We recall
that the coordinate x7 is the circle (of radius R) we are compactifying on,
with periodicity 2πR.
For clarity and ease of reading, we write down the eleven dimensional
supergravity solution we stated earlier.
ds2 = H−1/3dx2(1,3) + 2H
−1/3gMN¯dz
MdzN¯ +H2/3dx2(3) (97)
with M,N = F 2, G and where we recall that F 2(w, y) and G(w, y) are holo-
morphic functions of w, y with
w = v
ls
2 =
vR
lP
3
t2 = r
gS ls
3 =
r
lP
3
y = s
R
and
v = x4 + ix5
s = x6 + ix7. (98)
We can rewrite the complex hermitian metric gMN¯ in terms of real coor-
dinates, and then use the hermiticity condition to simplify it further. Our
aim is to calculate field theory quantities on the resulting D4-brane world-
volume action, in which case the endpoints of the D4-brane are allowed to
have different fixed values in the x7 direction. With this in mind, we modify
our original coordinates
x˜6 = x6 cos θ + x7 sin θ
x˜7 = x7 (99)
so that we are effectively tilting in the x7 direction (see Fig. 1). We consider
only constant θ values.
The resulting 11-d metric is then given by
ds211 = H
−1/3dx2(1,3) + 2H
−1/3Mµνdx
µdxν + 2H−1/3ds2KK +H
2/3dx2⊥ (100)
with the Kaluza-Klein part of the metric being
ds2KK =
g77¯
cos2 θ
(
dx˜7 +Dµdx
µ
)2
. (101)
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Figure 1: The tilted D4-brane with endpoints at different values of x7.
If we denote the µν = (a, b, 6˜), then the Mµν part corresponds to
Mµνdx
µdxν =
(
gab¯ −
cos2 θkakb
2g77¯
)
dxadxb − cos
2 θk2a
4g77¯
dxadx˜6
+ sin θkbdx˜
6dxb +
(
g
6˜˜¯6
− g66¯ tan2 θ
)
dx˜6dx˜6 (102)
where ka = [(ga7¯ + g7a¯)− tan θ(ga6¯ + g6a¯)], with a, b = 4, 5. The notation for
g77¯ refers to
g77¯ = 2g
(
∂7F
2
) (
∂7F¯ 2
)
+ 1/2 (∂7G)
(
∂7G¯
)
(103)
and Dµ is in general given by
Dµdx
µ =
cos2 θ
2g77¯
[(ga7¯ + g7a¯)− tan θ(ga6¯ + g6a¯)] dxa − sin θdx˜6. (104)
5.3 The Yang-Mills coupling and theta angle
Having arrived at the expression for the D4-brane action (93), we now show
how the supergravity solution (19) can be used to extract information about
the corresponding gauge theory.
We wish to study the dynamics of the SU(N) gauge fields that propagate
on the wrapped M5-branes. We will look at Hanany-Witten type configu-
rations where the D4-brane is finite in extent in the x˜6 direction, which
effectively reduces the worldvolume degrees of freedom to four. This four-
dimensional part is flat, and is the Minkowski space-time R(1,3) where a
supersymmetric gauge theory with eight supercharges is defined. One finds
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that the low-energy four-dimensional gauge theory is a pure N = 2 SYM
theory with gauge group SU(N).
The action for our M5-brane probe reduced to a D4-brane was calculated
in the last section to be
SD4 = −
∫
d5σ e−φ
′
√
−det(Gmn + Fmn) (105)
−
∫
e−φ
′
(
C(5) + C(3) ∧ F + 1
2
C(1) ∧ F ∧ F
)
(106)
where all the bulk fields are understood to be the pull-backs onto the brane
world-volume which is parametrised by σ = (x0, x1, x2, x3, x˜6). By expanding
the square root part of the above action and examining the component which
is quadratic in the field strength F we can deduce the Yang-Mills coupling
for the world-volume theory. We achieve this by promoting F to an SU(N)
field and by giving it an adjoint index A. If the generators are normalized in
such a way that tr
(
TATB
)
= (1/2)δAB for the fundamental representation,
then the above procedure leads to
SYM = − 1
g2YM
∫
d4σ
1
4
FAαβFαβA +
(ΘYM + 2πn)
32π2
∫
d4σFAαβF˜αβA , (107)
where
1
g2YM
=
τ5
2
(2πα′)
2
∫
dx˜6 dx˜7 e−φ
√
−G5 (gmn)2 (108)
for (m,n) = 0, 1, 2, 3 (i.e. (gmn)2 refers to two factors of the inverse metric
in the 0, 1, 2, 3 flat space) and
√−G5 denotes the square root determinant of
the induced worldvolume metric.
We can also deduce the value of the Yang-Mills theta angle to be
ΘYM =
[
−τ5(2π)2 (2πα′)2
∫
dx˜6 dx˜7 e−φC
(1)
6
]
mod 2π (109)
where C
(1)
6 denotes the six component of the one form C
(1).
Now, to calculate the pull-back of the various forms we need to establish
the ten-dimensional background metric in the string frame. We can do this
by comparing our 11-d metric (100) with our Kaluza-Klein reduction ansa¨tze
metric
ds2(1,10) = e
−2φ/3ds2(1,9) + e
4φ/3
(
dx˜7 + e−φCµdx
µ
)2
(110)
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for µ = 4, 5, 6. Due to the hermitian nature of the metric, the D6 component
of the 11d metric simplifies to
D6 = − sin θ (111)
where D6 = g
1/4
[ 8g77¯
cos6 θ
]−1/4
C6.
We can then read off the R-R (Cµ) and NS-NS (φ, gµν) fields from the
dimensional reduction of the background metric (100). We find the dilaton
is given by
φ =
3
4
ln
(
2g77¯
cos2 θg1/3
)
, (112)
and for the six component of the R-R one form we get
C
(1)
6 = −g−1/4 sin θ
[
8g377¯
cos6 θ
](1/4)
. (113)
The ten-dimensional string frame background metric is given by
ds210 =
√
2g77¯
cos θ
[
H−1/2dx2(1,3) + 2H
−1/2Mµνdx
µdxν +H1/2dx2⊥
]
. (114)
If we now place our probe so that it lies along the 0123[6˜] directions, we
can calculate the induced metric and thus the Yang-Mills coupling. If we
take into account the possibility of our probe wrapping the x7 direction N
times, this corresponds to looking at an SU(N) gauge theory instead of a
U(1) gauge theory. The coupling turns out to be
1
g2YM
=
N
8π2gsls
∫
dx˜6 cos θ (115)
where to evaluate the determinant for the induced worldvolume metric we
have used the results g
6˜¯˜6
= g66¯/ cos
2 θ, g66¯ = g77¯ and M6˜6˜ = g77¯, which follow
from the hermitian condition of the metric components. The theta angle
turns out to be quite simple as well, explicitly
ΘYM =
[
N
gsls
∫
dx˜6 (sin θ)
]
mod 2πN. (116)
So the end result is that the usual Seiberg-Witten analysis goes through
unchanged. The bending of the NS5-branes given by the Seiberg-Witten
curve is encoded in the x˜6 integral.
For the canonical example of the Hanany-Witten Type IIA model with
two NS5-branes separated by a distance L6 and the D4-brane endpoints on
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the NS5-branes separated in the x7 direction by a distance Lθ, the gauge
coupling and theta angle reduce to the classical values
1
g2YM
=
L6
8π2gsls
ΘYM =
Lθ
gsls
and the N = 2 complex gauge coupling can be written in the usual form
τ =
ΘYM
2π
+ i
4π
g2YM
. (117)
5.4 Instantons
We can also show that instantons are correctly represented as Euclidean
D0-branes living on the colour D4-branes [42, 43] in the x˜6 direction. The
world-volume action of a Euclidean D0-brane in our special frame is given
by
SD0 = τ0
∫
dx˜6 e−φ
√
G6˜6˜ − iτ0
∫
e−φC
(1)
6 (118)
where
τ0 =
1
gsls
, (119)
and the bulk fields are understood to be the pullbacks onto the brane world-
volume. The appearance of i is due to the Wick rotation we perform to arrive
at the Euclidean action.
Using the ten-dimensional metric we computed earlier (110), as well as
the dilaton (112), the R-R one-form (113) and the explicit form of the met-
ric (102) it is easy to see that
SD0 =
8π2
g2YM
− iΘYM (120)
which is the correct form of the instanton action. We have used the previous
expressions for the Yang-Mills coupling (115) and theta angle (116) to arrive
at this result. So we conclude that the gauge theory instantons of the N = 2
SYM theory are indeed represented by Euclidean D0-branes extended in the
x˜6 direction, as one should expect from general considerations.
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6 The N = 1 Super Yang-Mills theory
The previous construction, which describes the eleven-dimensional super-
gravity dual of N = 2 field theories as the near-horizon limit of an M5-brane
wrapped on a Riemann surface Σ ⊂ C2, has been generalised to N = 1.
In particular, the eleven dimensional supergravity dual of certain N = 1
field theories (so-called MQCD theories [44, 45]) is given by the near-horizon
limit of an M5-brane wrapped on a Riemann surface Σ ⊂ C3. MQCD is then
the quantum field theory living on the (0, 1, 2, 3) part of a five-brane with
world-volume (0, 1, 2, 3)× Σ.
6.1 The M5-brane configuration
The idea is very similar to the N = 2 case, where we begin with a system
of NS5-branes and D4-branes in type IIA string theory. As an illustration,
we can look at the simplest case of pure Yang-Mills with no matter. This
is realised by two NS5-branes, denoted by NS51 and NS52. The NS51 brane
has world-volume directions 012345, while the NS52 brane has world-volume
directions 012389. They are separated in the 6 direction with the NS51 brane
defined to be on the left. We can then consider the inclusion of n D4-branes of
finite extent in the 6 direction which are suspended between the NS5-branes.
This configuration will then describe an N = 1 four-dimensional SU(n) field
theory on the world-volume of the n finite D4-branes.
These configurations can be lifted to M-theory where they become an
M5-brane wrapped on a non-compact Riemann surface Σ embedded in C3,
generalising the N = 2 case of Σ ⊂ C2.
This is also equivalent to starting with the N = 2 configuration of Sec-
tion 5 and rotating one of the NS5-branes from the 45 plane onto the 89
plane. This corresponds to turning on a mass for the adjoint scalar in the
N = 2 vector multiplet, breaking the supersymmetry to N = 1. More gen-
eral setups describing field theories with different gauge groups and matter
have been constructed (see for instance [46] and related papers). For a similar
anlaysis from the Type IIB viewpoint see also [40, 47].
6.2 The supergravity solution
The supersymmetry preserving solutions of eleven-dimensional supergravity
relevant for describing the M5-brane setup were described in [4]. The method
is very similar to the N = 2 case, so we shall go straight to the results. The
solution was found to be:
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ds2 = H−1/3dx2(1,3) + 2H
1/6gMN¯dz
MdzN¯ +H2/3dy2 (121)
det g = H
F = ∂y(ω ∧ ω)− i∂(H1/2ω) ∧ dy + i∂¯(H1/2ω) ∧ dy (122)
∂¯(ω ∧ ω) = 0 = ∂(ω ∧ ω). (123)
In the above equations, the zM are holomorphic coordinates:
z1 = v = x4 + ix5
z2 = w = x6 + ix7
z3 = s = x8 + ix9.
The metric (121) is of the form R(1,3) × Σ × R(1), where Σ ⊂ C3 and y
denotes the remaining totally transverse direction. Also, ∂ denotes the (1, 0)
exterior derivative ∂ = dzM∂M in C
3. The metric tensor gMN¯ is hermitian,
a property we shall use in the following calculations. It has an associated
hermitian 2-form
ω = igMN¯dz
M ∧ dzN¯ (124)
which is useful in expressing the field strength F in a more elegant form.
One can check that the N = 2 solution satisfies the above constraints.
6.2.1 An alternative method
An alternative and fairly straightforward method of finding the supergrav-
ity solution is applying ideas from the recent work on the classification of
supersymmetric solutions of 11d supergravity [24] (see also [26]). We shall
demonstrate a derivation of the supergravity solution using these ideas.
Firstly, it is useful to realise that the spinor ǫ(x) which satisfies the Killing
spinor equation (2) can be reconstructed (up to a sign) from the following
one, two and five-forms:
KM = ǫΓMǫ
ΩMN = ǫΓMNǫ
ΣMNPQR = ǫΓMNPQRǫ. (125)
One can check that the zero, three and four-forms built in a similar way
vanish identically.
Furthermore, as recent work on G-structures and related ideas has brought
to the fore, if we start with a D=11 geometry with a Spin(10, 1) structure and
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assume that we have a globally defined spinor, then, at a point, the isotropy
group of the spinor is known to be either SU(5) or (Spin(7) ⋉ R8) × R
depending on whether K is time-like or null, respectively.
Using the fact that our particular background preserves four Killing spinors,
we can always consider the case where K is null. The forms K,Ω and Σ then
define a (Spin(7) ⋉ R8) × R structure corresponding to the stability group
of the spinor ǫ. A possible set of tangent space projection conditions for the
spinor ǫ(x) is given in this case by:
Γˆ0123za z¯bǫ = iδabǫ. (126)
However, for explicit calculations, we can choose an arbitrary spinor satisfy-
ing this constraint by choosing further appropriate projection conditions. A
compatible projection choice along the 01 directions would be
Γˆ01ǫ = ±ǫ (127)
where the ambiguity of sign comes from the requirement that the projec-
tor squares to 1. It should be emphasised that the equations for 1/8-SUSY
hold for arbitrary ± sign of this projection, all that is required is that Equa-
tion (126) is satisfied. Similarly, for the z1, z2, z3 space, we may use this
freedom to choose the compatible projection condition
1/8
(
eiφΓˆ2z1z2z3 + e
−iφΓˆ2z1z2z3
)
ǫ = ǫ (128)
and we can check this projector is also hermitian, as is required. Again, the
equations for 1/8-SUSY hold for arbitrary phase φ.
Note that using the identity Γˆ0123456789y ≡ 1 we can show that our pro-
jections imply:
Γˆyǫ = −ǫ. (129)
These provide a set of independent, commuting projections which determine
a unique spinor up to scale. The scale of the spinor is given by fixing
ǫ†ǫ = ∆. (130)
We will determine the value of ∆ shortly.
To calculate the forms and solve the differential equations for the field
strength, we first need to determine the form of the metric. We shall start
with a metric ansa¨tze of the form R(1,3) × C3 × R(1) with the assumption
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that the complex space is hermitian. This is typical of M5-branes wrapping
2-cycles in C3. In general we can have
ds2 = f 2dx(1,3) + 2e
a
M
(
ebN
)
δabdz
MdzN + g2dy2 (131)
with f, g arbitrary functions of zM , zN and y. As before we let a, b run
through 1, 2, 3 and normalise the complex part of the metric such that δ11 =
1/2.
We can now proceed to calculate the non-trivial components of each form.
A quick calculation reveals that the Ki(i = 2, 3), Ka, Kb(a, b = 1, 2, 3) and
Ky components vanish since, for example,
Kˆy = ǫΓˆyǫ = −ǫ
(
Γˆy
)2
ǫ = −ǫǫ = 0
where in the second step we have used the Γˆy projection condition (129), and
in the last step the fact that ǫǫ vanishes identically.
The value of ∆ can be determined taking advantage of the fact that K
is a Killing vector. A brief calculation shows that this Killing vector is given
by
K = −∆f (dt∓ dx1) . (132)
Its defining property is that the Lie derivative of our metric ansa¨tze with
respect to this vector should vanish. This yields a number of constraints
which collectively imply
∂q
(
f
∆
)
= 0 =⇒ f
∆
= constant (133)
with q running over all the spacetime co-ordinates (0 . . . y). In our normali-
sation we set this constant equal to one which fixes the value of ∆ to be
∆ = f =
√−g00. (134)
We can proceed in a similar fashion to determine the non-trivial compo-
nents of the two and five-forms. From our metric ansa¨tze we can compute
the relevant components. We find
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K = −f 2 (dt∓ dx1) (135)
Ω = f 2g
(
dt∓ dx1) ∧ dy (136)
Σ = ∓if 4ea[Meb¯N¯ ]δab¯
(
dt∓ dx1) ∧ dx2 ∧ dx3 ∧ dzM ∧ dzN¯
−f 2ea[Meb¯N¯ecP ed¯Q¯]δab¯δcd¯
(
dt∓ dx1) ∧ dzM ∧ dzN¯ ∧ dzP ∧ dzQ¯
+
e−iφ
16
f 3e1[1e
2
2e
3
3]
(
dt∓ dx1) ∧ dx2 ∧ dz1 ∧ dz2 ∧ dz3
+
eiφ
16
f 3e1¯[1¯e
2¯
2¯e
3¯
3¯]
(
dt∓ dx1) ∧ dx2 ∧ dz1¯ ∧ dz2¯ ∧ dz3¯
±ie
−iφ
16
f 3e1[1e
2
2e
3
3]
(
dt∓ dx1) ∧ dx3 ∧ dz1 ∧ dz2 ∧ dz3
∓ie
iφ
16
f 3e1¯[1¯e
2¯
2¯e
3¯
3¯]
(
dt∓ dx1) ∧ dx3 ∧ dz1¯ ∧ dz2¯ ∧ dz3¯. (137)
Now ǫ(x) being a Killing spinor also implies that K,Ω and Σ satisfy a set of
differential equations. These were given in [24]:
dK =
2
3
ιΩF +
1
3
ιΣ ∗ F (138)
dΩ = ιKF (139)
dΣ = ιK ∗ F − Ω ∧ F. (140)
We now need to solve for the field strength F . In the process we shall see
that the form of the metric is also fully determined by this set of equations.
If we begin by studying the consequences from the differential equation
for Ω (139), we quickly find that, for example,
ιKF01αβ = ∓G(xi, zM , zN¯ , y)
(
dt∓ dx1) ∧ dα ∧ dβ
dΩ = ∂χ
(
f 2g
) (
dt∓ dx1) ∧ dy ∧ dχ.
Setting α = y and β = χ we have
∓G = ∂χ
(
f 2g
)
for χ = zM , zN¯ .
This implies G = 0, ∂χ (f
2g) = 0 =⇒ f 2gh(y) = constant, where h(y) is an
arbitrary function of y.
However, we can absorb this function into our metric co-ordinate dy since
that is the only place g appears, so gh(y)dy → gdy′. Requiring that the
metric is asymptotically Minkowski means we can set f 2g = 1 and therefore
f 2 = g−1.
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This reproduces, for example, the constraint ∂N¯ ln g = −2∂N¯ ln f labelled
as equation (8) in [4]. Both the components F01yβ and its Hodge dual seven-
form components F23MNPQy (where MNPQ are a non-trivial combination
of holomorphic and anti-holomorphic indices) then vanish. This also implies
that the contraction
ιΩF = 0, (141)
which will simplify the calculations in what follows. We shall proceed in a
similar manner in the analysis of the other differential equations.
The differential equation for Σ (140) yields numerous results. Foremost
among them are the non-trivial components of the field strength F
FMNP¯Q¯ =
i
2
∂y
[
f 2
(
GNP¯GMQ¯ −GNQ¯GMP¯
)]
(142)
FPQR¯y =
i
2
[
∂P
(
f−2GQR¯
)− ∂Q (f−2GPQ¯)] (143)
and their complex conjugates. The second result is calculated from the Hodge
dual seven form components F0123MN¯S, where we have used the conventions
outlined in Appendix A.
There are also relations between the undetermined functions f, g and the
determinant of the hermitian part of the metric G. Concretely, defining a
new function H , we have
H2|P (z)|2 ≡ g6|P (z)|2 = |det G| (144)
with P an arbitrary holomorphic function of zM . This allows for the freedom
to make a holomorphic change of variables, in agreement with the observa-
tions of [4, 48, 49]. In our co-ordinates we have chosen P (z) = 1.
Furthermore, if we rescale the metric such that
gMN¯ = H
−1/6GMN¯ (145)
its associated hermitian 2-form becomes
ω = igMN¯dz
M ∧ dzN¯ . (146)
In this form a further constraint derived from our differential equation can
be succinctly written as in (123)
∂
(
∂¯
)
(ω ∧ ω) = ∂ ∗ ω = 0. (147)
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This co-Ka¨hler calibration agrees with the constraints on generalised cali-
brations typical of these spacetimes [50]. We shall use this constraint to
calculate the Ka¨hler metric on the moduli space of complex scalars of the
N = 1 gauge theory in the next subsection.
One can check that the rest of the constraints listed as (6-13) in [4] are
reproduced in their entirety. In addition, one must check that the equations of
motion for the four-form field strength and the Bianchi identity are satisfied.
Since we are considering an M5-brane geometry, which couples magnet-
ically to the three-form potential, the roles of the Bianchi identity and the
equation of motion are reversed. This means we require that d ∗ F = 0
trivially. This is satisfied with the non-trivial components of F we have
calculated.
In summary, in terms of the rescaled metric, the solution is in agreement
with [4] (as in (121), reproduced here for convenience):
ds2 = H−1/3dx2(1,3) + 2H
1/6gMN¯dz
MdzN¯ +H2/3dy2 (148)
F = ∂y(ω ∧ ω)− i∂(H1/2ω) ∧ dy + i∂¯(H1/2ω) ∧ dy. (149)
The equation of motion for F takes the form:
dF = ∂y (ω ∧ ω) ∧ dy − 2i∂¯∂
(
H1/2ω
) ∧ dy = J, (150)
where J denotes the source five-form specifying the shape of the Riemann
surface describing our M5-brane configuration.
This method is quite similar in spirit to the G-structures approach de-
veloped in [24, 25, 26], and it was shown in [26] how that group theoretic
approach could rederive this same supergravity solution.
6.3 Probe calculation of complex scalar moduli space
We can perform a similar probe calculation to that of Section 3.3 to determine
the form of the moduli space of the complex scalars, although now in the
N = 1 supersymmetric gauge theory case. The main difference is that now
the M5-brane is probing a background of M5-branes wrapping 2-cycles in C3
(instead of C2).
The metric we are using for this background, in terms of co-ordinates
similar to the F 2, G co-ordinates of the N = 2 case is
ds2 = H−1/3dx2(1,3)+2
(
H−1/3 |dG|2 +H2/3 ∣∣dF 2∣∣2 +H2/3 ∣∣dK2∣∣2)+H2/3dy2
(151)
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where, as before, F 2 andK2 can be thought of a local co-ordinates perpendic-
ular to the background M5-brane, and G as locally parallel to the background
M5-brane. This implies that the Jacobian with respect to the zi (i = 1, 2, 3)
must be equal to one. It must also be the case that H is harmonic in F 2, K2
and y. One can check that this form of the metric satisfies the equations of
motion. This could be used for explicit calculations but we will be able to
show that Kαβ¯ is Ka¨hler from the general equations of motion (121,123).
The holomorphic embeddings are now:
Xm = σm
XM = XM (z, σm, uα (σ
m))
XN¯ = XN¯
(
z¯, σm, uβ¯ (σ
m)
)
Xy = Xy
(
z, z¯, σm, uα (σ
m) , uβ¯ (σ
m)
)
,
with m = 0 . . . 3, M,N = F 2, K2, G and y refers to x(10), the totally trans-
verse direction. The z, z¯ are arbitrary complex co-ordinates on the M5-brane
worldvolume. The same arguments about small deviations from a supersym-
metric embedding of our probe in the Xy directions we used previously also
apply in this case.
The calibration bound satisfied by our M5-brane probe is also different
to the previous case where we probed a background of M5-branes wrapping
a 2-cycle in C2. Then, it was a Ka¨hler calibration which the probe had
to satisfy. From the previous subsection, for a background of M5-branes
wrapping a 2-cycle in C3, the calibration bound our probe has to satisfy is
given by Equation (147). In terms of the metric GMN¯ (which we recall is
GMN¯ = H
1/6gMN¯), the constraint takes the form
∂[R
(
H−1/3
(
GM |P¯ |GN |Q¯| −GM |Q¯|GN ]P¯
))
= 0. (152)
This constraint is an essential element in the calculation.
Repeating the analysis of Section 3.3 reveals, with the appropriate exten-
sion to C3, the following action for the M5-brane probe
S =
∫
d4σd2z H−2/3gzz¯
√
−det (ηmn +H1/3Lmn) (153)
with Lmn of the same form as before. Expanding this action and looking at
the quadratic terms in the complex moduli only, we find
Skin = τ5
∫
d4σ ∂muα∂
muβ¯Kαβ¯, (154)
where Kαβ¯ is a Ka¨hler metric given by
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Kαβ¯ =
∫
Λ
d2z H−1/3
(
Gαβ¯Gzz¯ −Gαz¯Gzβ¯
)
(155)
=
∫
Λ
d2z TMNβ¯∂αX
M∂zX
N . (156)
We have introduced the notation
TMNβ¯ ≡ H−1/3
(
GMP¯GNQ¯ −GMQ¯GNP¯
) (
∂βXP
)(
∂zXQ
)
. (157)
As before, Gαβ¯ ≡ ∂XM∂uα GMN¯ ∂X
N¯
∂uβ¯
, and GMN¯ refers to the spacetime met-
ric (145). In our notation, we have that ∂[PTMN ]β¯ = 0 (from (147) or (152))
and also that TMNβ¯ = −TNMβ¯.
The form of the metric Kαβ¯ is quite suggestive, and using the con-
straint (152), we can show this is Ka¨hler up to total derivative boundary
terms. Taking the anti-symmetrized derivative of this metric we get
∂[γKα]β¯ =
∫
Λ
d2z ∂γ
(
TMNβ¯
)
∂αX
M∂zX
N −
∫
Λ
d2z ∂α
(
TMNβ¯
)
∂γX
M∂zX
N
+
∫
Λ
d2z TMNβ¯∂αX
M
(
∂γ∂zX
N
)
+
∫
Λ
d2z TMNβ¯∂γX
N
(
∂α∂zX
M
)
(158)
Integrating the third term by parts and simplifying the result we have
∂[γKα]β¯ =
∫
Λ
d2z
(
∂RTMNβ¯
)
∂αX
M∂zX
N∂γX
R
−
∫
Λ
d2z
(
∂RTMNβ¯
)
∂γX
M∂zX
N∂αX
R
−
∫
Λ
d2z
(
∂RTMNβ¯
)
∂αX
M∂γX
N∂zX
R
+
∫
Λ
d2z ∂z
(
TMNβ¯∂αX
M∂zX
N
)
= ∂αX
M∂zX
N∂γX
R
[
∂RTMNβ¯ − ∂MTRNβ¯ − ∂NTMRβ¯
]
+
∫
Λ
d2z ∂z
(
TMNβ¯∂αX
M∂zX
N
)
=
∫
Λ
d2z ∂z
(
TMNβ¯∂αX
M∂zX
N
)
. (159)
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So again we have a total derivative for the boundary term, and the mod-
uli space metric is indeed Ka¨hler. An important role was played by the
spacetime calibration bound (152) (or equivalently (147)) in analogy with
the calculation of Section 3.3. However, note that in this case it is not a
Ka¨hler calibration but part of the more generalised calibrations typical of
these spacetimes.
6.4 The dimensional reduction of the background su-
pergravity solution
This follows very similar lines to the N = 2 case, so again we just give the
results. We find the eleven dimensional metric becomes
ds211 = g
−1/3dx2(1,3) + 2g
1/6Mµνdx
µdxν + 2g1/6ds2KK + g
2/3dy2 (160)
where now
ds2KK =
g77¯
cos2 θ
(dx˜7 +Dµdx
µ)2 . (161)
If, as before, we denote the µν = (k, l, 6˜), then the Mµν part corresponds to
Mµνdx
µdxν =
(
gkl¯ −
cos2 θkkkl
2g77¯
)
dxkdxl − cos
2 θk2k
4g77¯
dxkdx˜6
+ sin θkldx˜
6dxl +
(
g
6˜˜¯6
− g66¯ tan2 θ
)
dx˜6dx˜6 (162)
where kl = [(gl7¯ + g7l¯)− tan θ(gl6¯ + g6l¯)]. The difference is that we now have
k, l = 4, 5, 8, 9.
Using the same form of the Kaluza-Klein reduction ansa¨tze (79) used pre-
viously, we can easily read off the various supergravity fields. In particular,
the dilaton is now
φ =
3
4
ln
(
2g77¯g
1/6
cos2 θ
)
(163)
and the six component of the R-R one form becomes
C
(1)
6 = −g−1/8 sin θ
[
8g377¯
cos6 θ
](1/4)
. (164)
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6.5 The Yang-Mills coupling and theta angle
The ten-dimensional string frame background metric is given by
ds210 =
√
2g77¯
cos θ
[
H−1/4dx2(1,3) + 2H
1/4Mµνdx
µdxν +H3/4dy2
]
. (165)
If we now place our probe so that it lies along the 0123[6˜] directions, we can
calculate the induced metric and thus the Yang-Mills coupling. This turns
out to be
1
g2YM
=
N
8π2gsls
∫
dx˜6 cos θ (166)
where to evaluate the determinant of the induced metric we have used M6˜6˜ =
g77¯, which follows from the hermitian condition of the metric components.
Again we now include a factor of N to take into account the possibility of
the probe wrapping the x7 direction N times.
The theta angle turns out to be quite simple as well, explicitly
ΘYM =
[
N
gsls
∫
dx˜6 (sin θ)
]
mod 2πN. (167)
We note that these results are in exact agreement with the previous N = 2
results. In the pure N = 1 Yang-Mills case, when all N D4-branes are
coincident due to the rotation of one of the NS5-branes, we again have a
classical gauge coupling proportional to L6, the separation of the NS5-branes
at that particular point. The theta angle would be proportional to Lθ, the
distance between the endpoints of the D4-branes in the x7 direction.
6.6 Instantons
We can also probe the N = 1 background along x˜6 with Euclidean D0-brane
probes to find the corresponding instanton action in the D4-brane world-
volume gauge theory. This turns out to be exactly the same as for the
N = 2 case, concretely
SD0 =
8π2
g2YM
− iΘYM , (168)
which is the correct form of the instanton action.
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7 Discussion
In this paper we have used M-branes as probes of the supersymmetric 11-
dimensional supergravity solutions [1, 3, 4] corresponding to M5-branes wrap-
ping 2-cycles in C2 and C3. These probes have revealed interesting features
about the corresponding N = 2 and N = 1 field theories. In general there
were no unwanted supergravity corrections to field theory parameters such
as the gauge coupling and theta angle from this analysis.
In the case of M5-brane probes, we have determined that the Ka¨hler
metric for the kinetic term of the complex scalars in the N = 2 effective
Lagrangian receives no supergravity corrections. This is also true of the gauge
coupling and theta angle parameters. The static M2-brane probe calculation,
probing the BPS spectra and corresponding to a monopole in the field theory,
also agrees with the usual calibration arguments.
We demonstrated a new derivation of the supergravity solution [4] us-
ing a method where the projection conditions and spinor differential equa-
tions (138,139,140) played a central role. We also analysed the N = 1 field
theory related to M5-branes wrapping a 2-cycle in C3. All the results showed
no supergravity corrections to the usual flat-space field theory analysis.
It would be interesting and useful to achieve a good understanding of
the boundary conditions of finite probes with respect to the background
M5-brane configuration and understand in what sense one can do such a
calculation in M-theory, which in Type IIA corresponds to a finite D4-brane
probe.
Other possibilities to try in the future include using non-static branes to
probe further interesting features of the field theory. One example would be
using M2-branes to probe the k-monopole moduli space of SU(N) N = 2
gauge theories. There are also other phenomena of N = 1 MQCD that could
be investigated such as domain walls and vortices.
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A Conventions
In our conventions the epsilon tensor is defined such that
ǫµ1...µn = 1 = gǫ
µ1...µn . (169)
We define the complex co-ordinates zm = xm + iym and also define
ǫM1...MnǫN¯1...N¯ndz
M1∧. . . dzMn∧dzN¯1 . . .∧dzN¯n = ǫµ1...µndx1∧dy1∧. . .∧dxn∧dyn.
(170)
A differential form with holomorphic and anti-holomorphic indices is defined
as
F =
1
p!q!
FM1...MpN¯1...N¯qdz
M1 ∧ . . . dzMp ∧ dzN¯1 ∧ . . . dzN¯q . (171)
The Hodge dual on a manifold of the form R(n)×Q(nC), with R(n) being an
n-dimensional Lorentzian manifold and Q(nC) being a hermitian manifold of
complex dimension nC , is defined, for an (r, p, q)-form, as
∗ F =
√
gR
√
GC
r!mp!nq!(n− r)!(nC −mp)!(nC − nq)!ǫ
µ1...µr
µr+1...µn
ǫ
m1...mp
m¯p+1...m¯nC
ǫn¯1...n¯qnq+1...nnC
dxνr+1 ∧ . . . ∧ dxνn ∧ dznq+1 ∧ . . . ∧ dznC ∧ dzm¯p+1 ∧ . . . ∧ dzm¯nC .
(172)
The determinant of a hermitian metric can be written in the form
√
det gMN¯ =
(
1
nC !
)2
ǫM1...MnC ǫN¯1...M¯nC gM1N¯1 . . . gMnC N¯nC (173)
=
(
1
nC !
)2 ∣∣∣ǫM1...MnC e1M1 . . . enCMnC
∣∣∣2 . (174)
This implies that, for example, we have
e1[1e
2
2e
3
3] = 3! (det gMN¯)
1/4 . (175)
The component of the inverse metric compatible with this definition is
gM1N¯1 =
1
(nC − 1)!
1√
det gMN¯
ǫM1...MnC ǫN¯1...N¯nC gM2N¯2 . . . gMnC N¯nC . (176)
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A useful identity to know for the calculations of Section 6.2.1 is
∂y
(
f−4gAB¯
)
= −∂y
(
f 4gMN¯
)
f−8gMB¯gAN¯ . (177)
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